Abstract. The apparatus of motivic stable homotopy theory provides a notion of Euler characteristic for smooth projective varieties, valued in the GrothendieckWitt ring of the base field. Previous work of the first author and recent work of Déglise-Jin-Khan establishes a "Gauß-Bonnet formula" relating this Euler characteristic to pushforwards of Euler classes in motivic cohomology theories. In this paper, we apply this formula to SL-oriented motivic cohomology theories to obtain explicit characterizations of this Euler characteristic. The main new input is a unicity result for pushforward maps in SL-oriented theories, identifying these maps concretely in examples of interest.
Introduction
Let k be a field of characteristic different from 2, and let X be a smooth projective k-scheme. Let SHpkq denote the motivic stable homotopy category over k; recall that this comes equipped with the structure of a symmetric monoidal category, whose tensor product we denote^k and whose unit object (the motivic sphere spectrum) we denote 1 k .
Our starting point in this paper is the following fact (which shall be reviewed in §2): Proposition 1.1. The infinite suspension spectrum Σ ∞ T X`P SHpkq is dualizable. In particular, we can associate to X a natural Euler characteristic χpX{kq P End SHpkq p1 k q, defined as the composition
T X`ǫ Ý Ñ 1 k , where the maps δ and ǫ are the "coevaluation" and "evaluation" that comprise the duality, and τ is the symmetry isomorphism.
A theorem of Morel identifies End SHpkq p1 k q with GWpkq, the Grothendieck group of k-vector spaces equipped with a nondegenerate symmetric bilinear form, so we may think of the Euler characteristic χpX{kq as a class in GWpkq. It is then natural to wonder whether there is an explicit interpretation of this Euler characteristic in terms of symmetric bilinear forms. An intuitive speculation is that the Euler characteristic should be given by the value of some cohomology theory on X, equipped with an "intersection pairing".
One of the main results in this paper is to make precise and confirm this speculation. To state the result, we recall that classes in GWpkq can be represented not just by nondegenerate symmetric bilinear forms on k-vector spaces, but also by nondegenerate symmetric bilinear forms on perfect complexes over k. With this in mind, we give the following explicit interpretation of the Euler characteristic χpX{kq: 
where the first map denotes the cup product (that this is indeed a nondegenerate symmetric bilinear form will be argued in §8.4). We thus obtain a Grothendieck-Witt class pHdgpX{kq, Trq P GWpkq.
The following formula for χpX{kq was proposed by J.P. Serre.
1 Theorem 1.3. We have χpX{kq " pHdgpX{kq, Trq P GWpkq.
In the case k " R, a class in GWpkq is determined by two Z-valued invariants, rank and signature, and Theorem 1.3 reproves the following known result (see [ has signature equal to χ top pXpRqq, the classical Euler characteristic of the real points of X in the analytic topology. In particular, we have |χ top pXpRqq| ď dim R H n pX, Ω n X{R q. Let us now explain our methods for proving Theorem 1.3. The idea is to use the theory of Euler classes in motivic cohomology theories. More specifically, our focus is on cohomology theories represented by SL-oriented motivic ring spectra; recall that this refers to a commutative monoid object E in SHpkq equipped with a compatible system of Thom classes for oriented vector bundles (where an orientation is a specified trivialization of the determinant line bundle). The example of interest for proving Theorem 1.3 is Hermitian K-theory; other examples of interest include Chow-Witt theory, ordinary motivic cohomology, and algebraic K-theory (the last two are actually GL-oriented, meaning they have Thom classes for all vector bundles).
Given an SL-oriented motivic ring spectrum E P SHpkq, one may define certain pushforward maps in twisted E-cohomology. Namely, for Y, Z two smooth quasi-projective k-schemes, a proper morphism f : Z Ñ Y of relative dimension d P Z, and a line bundle L Ñ Y , there is a pushforward map
where ω´{ k denotes the canonical bundle. This is defined abstractly via the six-functor formalism for motivic stable homotopy theory. We note two key examples of these pushforwards, assuming our smooth projective variety X is of pure dimension d for simplicity:
-the structural morphism π : X Ñ Spec pkq gives a pushforward map π * : E 2d,d pX, ω X{k q Ñ E 0,0 pSpec kq;
-given a vector bundle p : V Ñ X, the zero section s : X ãÑ V gives a pushforward map s * : E 0,0 pXq Ñ E 2d,d pV ; p * det´1pV qq.
The first should be thought of as a kind of integration map. The second allows us to define the Euler class of a vector bundle V Ñ X, e E pV q :" s * s * p1q P E 2d,d pX; det´1pXqq, where s again denotes the zero-section, and 1 P E 0,0 pXq denotes the unit element. We may now state the following "Gauß-Bonnet formula" equating the Euler characteristic with the "integral of the Euler class of the tangent bundle", using the above notions; this result is a fairly immediate consequence of a result proven in [20] : Theorem 1.5 (Motivic Gauß-Bonnet). Let E be an SL-oriented motivic ring spectrum in SHpkq. Let u : 1 k Ñ E denote the unit map, inducing the map u * : GWpkq -1
A general motivic Gauß-Bonnet formula is also proven in [9] , which implies the above formula by applying the unit map; our method is somewhat different from [9] in that we replace their general theory of Euler classes with the more special version for SL-oriented theories used here.
As stated above, we deduce Theorem 1.3 from Theorem 1.5 by considering the example of Hermitian K-theory, E " KO. In this case, the map u * : GWpkq Ñ KO 0,0 pSpec kq is an isomorphism. The deduction requires an explicit understanding of both the Euler class e E pT X{k q and the pushforward π * in Hermitian K-theory; the former is fairly straightforward, but the latter requires new input.
What we do is identify the abstractly defined projective pushforward maps in Hermitian K-theory with the concrete ones defined in terms of pushforward of sheaves and Grothendieck-Serre duality. This comparison follows from a unicity result we prove for pushforward maps in an SL-oriented theory E, characterizing them, under certain further hypotheses on E, in terms of their behavior in the case of the inclusion of the zero-section of a vector bundle (which is governed by Thom isomorphisms). We leave the detailed statement of this theorem to the body of the paper, as it would take too long to spell out here.
1.1. Outline. In §2, we review the basic setup of motivic homotopy theory, as well as relevant aspects of the dualizability result Proposition 1.1. In §3, we review basic facts about SL-oriented motivic ring spectra. In §4, we describe the abstractly defined pushforwards in the twisted cohomology theory arising from an SL-oriented motivic ring spectrum. In §5, we prove the general Gauß-Bonnet formula for SL-oriented motivic ring spectra. In §6, we axiomatize the features of the twisted cohomology theory arising from an SL-oriented motivic ring spectrum. In §7, we use these axiomatics to prove our unicity/comparison theorem characterizing the pushforward maps in SL-oriented theories. And finally in §8, we apply the previous results in specific examples of SL-oriented theories to obtain various concrete consequences, in particular proving Theorem 1.3. 
Duality and Euler characteristics
In this section we review the strong dualizability of smooth projective schemes as objects of the stable motivic homotopy category, which supplies a notion of Euler characteristic for these schemes. We additionally recall a result from [20] that gives an alternative characterization of this Euler characteristic.
2.1. Preliminaries. We first recall the basic framework of stable motivic homotopy theory that will be employed throughout. denote the subcategory of Sch B with the same objects as Sch B but with morphisms the proper morphisms. Let Sm B denote the full subcategory of Sch B with objects the smooth (quasi-projective) B-schemes. (The same notation will be used when working over schemes other than B.) Notation 2.2. Given X P Sch B , we let SHpXq denote the stable motivic homotopy category over X. We shall rely on the six-functor formalism for this construction as given in [3, 15] . In particular, for each morphism f : Y Ñ X in Sch B one has the adjoint pairs of functors
for composable morphisms, with the usual associativity; a natural transformation η f ! * : f ! Ñ f * , which is an isomorphism if f is proper; and various base-change morphisms, which we will recall as needed. In addition, for f smooth there is a further adjoint pair
There is also the symmetric monoidal structure on SHpXq; we denote the product bŷ 
Notation 2.8. Let p : V Ñ X be a vector bundle over some X P Sch B , with zerosection s : X ãÑ V . We have the endofunctors Σ´V , Σ V : SHpXq Ñ SHpXq defined by Σ´V :" s ! p * and Σ V :" p 7˝s * . These are in fact inverse autoequivalences. These endofunctors can also be written in terms of Thom spaces. Letting 0 V :" spXq Ă V , the Thom space of the vector bundle is defined as
There is a canonical identification Σ V p1 X q -Σ ∞ T Th X pV q. We shall often abuse notation by writing Th X pV q for Σ ∞ T Th X pV q, and in parallel we shall write Th X p´V q for Σ´V p1 X q. With these notational conventions, there are canonical natural isomorphisms
Finally, if π X : X Ñ B moreover lies in Sm B , we set
and we have a canonical isomorphism Σ ∞ T ThpV q -π X7 pTh X pV qq. We repeat the notational conventions above, often writing ThpV q for Σ ∞ T ThpV q and Thp´V q for π X7 pTh X p´V qq. 
See [15, Theorem 6.18(2) ]. In addition, for V Ñ X a vector bundle there are canonical natural isomorphisms (see [15] , the beginning of §5.2) 
in SHpY q and a canonical isomorphism
Proof. Consider the commutative square
This gives us the canonical isomorphism
We have the identities and canonical isomorphisms
which gives us the first isomorphism in SHpY q. The second follows from
Finally, to give the isomorphism in SHpXq, we have 
in SHpXq, and the diagonal ∆ Y {X : Y Ñ YˆX Y induces via the functoriality of p´q{Y discussed in Remark 2.7 the map
in SHpY q. We may put together these two maps to obtain the composition 
Putting these together yields the composition The above dualizability allows one to define an Euler characteristic for smooth projective schemes: Definition 2.13. For Y Ñ X in Sm X and proper, the Euler characteristic χpY {Xq P End SHpXq p1 X q is the composition
where τ denotes the symmetry isomorphism, and δ Y {X and ǫ Y {X are as constructed.
To finish this section, we give establish an alternative characterization of the Euler characteristic χpY {Xq just defined. We proved this result (Lemma 2.15 below) in the case B " Spec k in [20] ; the proof in this more general setting is exactly the same. Construction 2.14. The diagonal ∆ X : X Ñ XˆB X induces the map Thp∆q :" π X7 Σ´T X{B p∆q : Thp´T X{B q Ñ Thp´p * 1 T X{B q " Thp´T X{B q^B X{B, where we consider XˆB X as an X-scheme via p 1 . Furthermore, the Morel-Voevodsky purity isomorphism gives the isomorphism in H ‚ pBq XˆB X{pXˆB Xz∆ X pXq Ñ XˆB Xq -N ∆X which induces the isomorphism in SHpBq
We define the map β X{B : Thp´T X{B q Ñ X{B as the composition
Lemma 2.15. For X smooth and proper over B, χpX{Bq is equal to the composition
, be the projections. The map
is the composition
It follows from the construction of the map δ X{B described above that
This gives us the commutative diagram

X{B^B X{B
_ τ X,X _ / / X{B _^B X{B evX ' ' P P P P P P P P P P P P P P 1 B δ X{B 7 7 ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ π * X ' ' P P P P P P P P P P P P P P Thp´p * 2 T X{B q τ X,X _ / / Thp´p * 1 T X{B q 1 B Thp´T X{B q Thp∆X q 5 5 ❦ ❦ ❦ ❦ ❦ ❦ ❦ ❦ ❦ ❦ ❦ ❦ ❦ ❦ ❦ Thp∆X q O O β X{B / / X{B πX * 7 7 ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥ ♥
SL-oriented theories
Ananyevskiy discusses SL-oriented theories in [2] in the context of the motivic stable homotopy category SHpkq, where k is a field. Essentially all of his constructions go through without change in the setting of a separated noetherian base-scheme B of finite Krull dimension; the most one needs to do is replace a few of his arguments that rely on Jouanolou covers with some properties coming out of the six-functor formalism. We will recall and suitably extend Ananyevskiy's treatment here without any claim of originality.
Definition 3.1.
A motivic commutative ring spectrum in SHpBq is a triple pE, µ, uq with E in SHpBq, and µ : E^B E Ñ E, u : 1 B Ñ E morphisms in SHpBq, defining a symmetric monoid object in the symmetric monoidal category SHpBq. We usually drop the explicit mention of the multiplication µ and unit u unless these are needed. 
Notation 3.2. For a rank r vector bundle
for each exact sequence of vector bundles on X,
for example by choosing local splittings.
3. An SL-orientation on a motivic commutative ring spectrum E in SHpBq is given by an element th V,θ P E 2r,r pThpVfor each pair pV, θq consisting of a rank r vector bundle V Ñ X with X P Sm B and an isomorphism θ : det V Ñ O X of invertible sheaves, satisfying the following axioms:
(ii) Products: Given vector bundles
and th V,α P E 2,1 pThpVis the image of the unit u P E 0,0 pBq under the composition
An SL-oriented motivic spectrum is a pair pE, th´q with E a motivic commutative ring spectrum and th p´q an SL-orientation on E.
Variant 3.4.
A GL-orientation or simply orientation on a motivic commutative ring spectrum E is an assignment pV Ñ Xq Þ Ñ th V P E 2r,r pThpV qq, where V Ñ X is a rank r vector bundle on X P Sm B , satisfying the evident modifications of the axioms (i)-(iii) in Definition 3.3, i.e. deleting the conditions on the determinant line bundle. The pair pE, th´q is then called a GL-oriented motivic spectrum or more simply, an oriented motivic spectrum. Notation 3.5. For E P SHpBq, X P Sm B and Z Ă X a closed subset, we have the E-cohomology with supports E * *
0V pV q, where 0 V Ă V is the image of the 0-section. For q : L Ñ X a line bundle on some X P Sm B , we define
pLq.
and extend this to cohomology with supports in Z Ă X by
Similarly, for a vector bundle q :
Lemma 3.6. Let pE, th p´be an SL-oriented motivic spectrum and let q : V Ñ X be a rank r vector bundle on X with isomorphism θ : det V Ñ O X . Then sending
Proof. The naturality of the maps ϑ V,θ follows from the functoriality of the Thom classes (i). By properties (i)-(iii) of the Thom class, it follows that for V " '
The naturality of the maps ϑ V,θ allow one to use a Mayer-Vietoris sequence for a trivializing open cover of X for V to show that ϑ V,θ is an isomorphism in general.
The following construction is due to Ananyevskiy [2, Corollary 1].
Construction 3.7. Let q : V Ñ X be a rank r vector bundle and let p : L Ñ X be the determinant bundle det V ; let p 1 : L´1 Ñ X be the inverse of L. Then we have canonical isomorphisms
Ñ L be the pull-back bundles. For pE, th p´an SL-oriented motivic spectrum, we thus have isomorphisms
However, as X-schemes q * pL´1'Lq and p * pV 'L´1q are both canonically isomorphic to V 'L´1'L Ñ X, and via this isomorphism, the closed subsets q´1p0
We set E a,b pX; Lq :" E a`2,b`1 pThpLqq and define the Thom isomorphism
.
We extend this construction to cohomology with supports in the evident manner.
Notation 3.8. The product structure on E-cohomology induced by the multiplication on E extends to a product structure on the "twisted" E-cohomology
as follows: We have the cup product
as well as a version with supports.
Definition 3.9. Let q : V Ñ X be a rank r vector bundle, let p : q * det´1 V Ñ V be the pull-back of det´1 V Ñ X. The canonical Thom class thpV q P E 2r,r pThpV q; det´1 V q is defined as follows: We have the canonical identification
We have as well the isomorphism
We define thpV q P E 2r,r pThpV q; det´1 V q to be element corresponding to
In other words, for π X : X Ñ B the structure morphism, the Thom class thpV q is an element of
2r`2,r`1^Σ´pV 'det´1pVπ * X Eq. Via the multiplication on E, thpV q defines the map thpV q : π * X E Ñ S 2r`2,r`1^Σ´pV 'det´1pVπ * X E For each object x P SHpXq, we thus have the map thpV q x : Hom SHpXq px, π * X Eq Ñ Hom SHpV q px, S 2r`2,r`1^Σ´pV 'det´1pVπ * X Eq or applying the adjunction thpV q x : Hom SHpBq pπ X7 x, Eq Ñ Hom SHpBq pπ X7 Σ pV 'det´1pVx, S 2r`2,r`1^E q Lemma 3.10. The mapˆthpV q x is an isomorphism for all x P SHpXq.
Proof. Using the adjunction, we can just as well work in SHpXq. The collection of objects x for whichˆthpV q x is an isomorphism is closed under arbitrary direct sums, hence is a localizing subcategory of SHpXq. For x " 1 X , we have already seen that thpV q x is an isomorphism, and for p : Y Ñ X in Sm X , applying p * and using the adjunction with p 7 shows thatˆthpV q x is an isomorphism for x " Y {X. Clearlŷ thpV q x being an isomorphism implies thatˆthpV q S a,b^x is an isomorphism for all a, b; as SHpXq is generated as a localizing subcategory by the objects S a,b Y {X, this proves the lemma. Notation 3.11. As a matter of notation, we define
and the Thom isomorphismˆthpV q x aŝ
One computes easily that the Thom isomorphism
is given by ϑ V pxq " q * pxq Y thpV q.
Remark 3.12.
If the SL-orientation on E extends to a GL-orientation, then the analog of Lemma 3.6 holds: For V Ñ X a rank r vector bundle on X P Sm B , sending x P E a,b Z pXq to q * pxq Y th V defines an isomorphism
pThpVnatural in pX, V q. In particular, the Thom classes for line bundles give isomorphisms
Proposition 3.13. Let E be an SL-oriented theory, L, M Ñ X line bundles on an X P Sm B , Z Ă X a closed subset. There is a natural isomorphism
We have the Thom isomorphisms 
Y is a closed subscheme of LˆX L´1, projecting isomorphically to L 0 via p 1 and isomorphically to L´1 0 via p 2 . Let p : L Ñ X, q : L´1 Ñ X be the structure maps.
We have the commutative diagram
with rows cofiber sequences. As the first two vertical maps are isomorphisms in HpBq, the mapp 1 induces an isomorphism
in SHpBq. Similarly, we have the isomorphism
in SHpBq. Replacing X with U :" XzZ, we have the isomorphisms
This gives the diagram of isomorphisms (after applying :
Mapping to Σ * `2, * `1 E gives the desired isomorphism ψ L : E * , * Z pX; Lq Ñ E * , * Z pX; L´1q.
Projective pushforward in twisted cohomology
In this section we describe how one gets a pushforward map in twisted E-cohomology for E an SL-oriented theory. We rely on the six-functor formalism. This is a bit different from the treatment of projective pushforward given by Ananyevskiy in [2] : in that treatment one relies on the factorization of an arbitrary projective morphism Y Ñ X into a closed immersion Y Ñ XˆP N followed by a projection XˆP N Ñ X. This factorization property will however reappear in our treatment when we discuss the unicity of the pushforward maps in section 6.
For f : Y Ñ X a proper map in Sm B the map f * gives rise to
gives the isomorphism Σ Proof. Since i is a closed immersion i ! " i * and η i ! * : i ! Ñ i * is the identity. Thus i * is the composition
Letting j : U :" XzY Ñ X be the inclusion, the localization triangle
gives the isomorphism i * i * p1 X q -X{pXzY q -ThpN i q, the latter isomorphism being the purity isomorphism. In addition, the identity π
Writing π X! " π X7˝Σ´T X{B we see that Σ T X{B pi * q is the composition
Statement (ii) follows from (i), noting that Σ´V Th
In particular, for j : U Ñ X an open immersion, we have
For Z Ă X a closed subset with open complement U , we define
Lemma 4.3. Let pE, th p´be an SL-oriented motivic spectrum in SHpBq. Then for
By Lemma 3.10 we have the isomorphism 
to be the unique map making the diagram
Let p : V Ñ Y be a rank r vector bundle on some Y P Sm B , with 0-section
Letting pE, thq be an SL-oriented theory, we have the pushforward map
Proof. The exact sequence
gives us the isomorphism
Keeping this in mind, we have the commutative diagram defining s * (4.1) 
Using the isomorphism T V {B -p * pT Y {B ' V q, we can rewrite this as the composition
The multiplicativity property (ii) of the Thom classes gives
so putting all this together we see that 
Motivic Gauß-Bonnet
Definition 5.1. Let p : V Ñ X be a rank r vector bundle on some X P Sm B , and let E P SHpBq be an SL-oriented motivic ring spectrum. The Euler class e E pV q P E 2r,r pX, det´1 V q is defined as
Theorem 5.2 (Motivic Gauss-Bonnet)
. Let E P SHpBq be an SL-oriented motivic ring spectrum, π X : X Ñ B a smooth and projective B-scheme, let u E : 1 B Ñ E be the unit map. Then π X{B * pe E pT X{B" u E * pχpX{Bqq P E 0,0 pBq.
Proof. We have the Thom isomorphism
By Lemma 2.15, it suffices to show that the map
Following the definition of β X{B , we see that this map is gotten by applying π X{B7Σ´T
X{B to the following sequence (XˆB X is an X-scheme via p 1 )
where the second to last map is the purity isomorphism and the last one is induced by the composition
Via this sequence, the inclusion ∆ X gets first transformed to the 0-section of N ∆ and then the zero-0 section of Th X pT X{B q. But by Lemma 4.5, the pushforward map for the zero-section of a vector bundle is equal to the corresponding Thom isomorphism, in other words, the unit u E X P E 0,0 pXq gets mapped by β X{B to its image under the Thom isomorphism, that is thpT X{B q P E 2dX ,dX pThpT X{B q, det´1 V q, and thus the e E X pT X{B q " β X{B pu E X q.
SL-oriented cohomology theories
Our ultimate goal is to apply the Gauß-Bonnet theorem when projective pushforwards are defined on a representable cohomology theory in some concrete manner, not necessarily relying on the six-functor formalism. For this, we need a suitable axiomatic for such theories; we use a modification of the axioms of Panin-Smirnov [28, 29] . 
These data satisfy are required to satisfy the following axioms:
(A1) H * , * and H * , * are additive: H * , * transforms disjoint unions to products and H * , * transforms disjoint unions to coproducts; in particular, H * , * Z p∅, Lq " 0 and H Z * , * p∅, Lq " 0. is exact. Moreover, the maps δ Z,W,X are natural with respect to the pullback maps g * and the proper pushforward maps f * .
(A5) The cup products Y of D4 are associative with unit 1. The maps f * and f * are compatible with cup products: pfˆgq
Moreover, using the isomorphisms of D3, the cup products induce products Y x,y on H * , * and one has pfˆgq * pα Y x,y βq " f * pαq Y x,y g * pβq. Finally, the boundary maps δ Z,W,X are module morphism: retaining the notation of D4, for α P H * , * ZzW pXzW ; j * W Lq and β P H * , *
where τ : XˆB U Ñ UˆB X is the symmetry isomorphism. Example 6.4. The primary example of an SL-oriented cohomology theory on Sm B is the one induced by an SL-oriented motivic spectrum E P SHpBq:
we extend the definition to arbitrary X P Sm B by taking the sum over the connected components of X and write this also as E 2dX´m,dX´n Z pX; ω X{B b Lq by considering d X as a locally constant functor on X.
The pushforward maps for a projective morphism of relative dimension d, f : Y Ñ X, closed subsets W Ă Y , Z Ă X with f pW q Ă Z and line bundle L Ñ X are given by the pushforward
Comparison isomorphisms
We recall the element η P Hom SHpBq p1 B , S´1
,´1^1
B q induced by the map of Bschemes η : A 2 zt0u Ñ P 1 , ηpa, bq " pa : bq. As every E P SHpBq is a module for 1 B , we have the mapˆη : E Ñ S´1
,´1^E for each x P SHpBq. We say that E is an η-inverted spectrum ifˆη is an isomorphism in SHpBq.
We consider the following situation: fix an SL-oriented motivic spectrum E P SHpBq. This gives us the twisted cohomology theory E * , * underlying the oriented cohomology defined by E. Let pE * , * ,Ẽ * , * q be an extension of E * , * to an oriented cohomology theory on Sm B , in other words, we define new pushforward mapŝ
The main result of this section is a comparison theorem. Before stating the result we recall the decomposition of SHpBqr1{2s into plus and minus parts. We have the involution τ : 1 B Ñ 1 B induced by the symmetry isomorphism τ :
. In SHpBqr1{2s, this gives us the idempotents pid`τ q{2, pid´τ q{2, and so decomposes SHpBqr1{2s into +1 and -1 "eigenspaces" for τ :
SHpBqr1{2s " SHpBq`ˆSHpBqẂ e decompose E P SHpBqr1{2s as E " E`' E´. Theorem 7.1. Suppose the pushforward maps (i) the SL-orientation of E extends to a GL-orientation;
(ii) η acts invertibly on E;
(iii) 2 acts invertibly on E and E´1
,0 pU q " 0 for affine U in Sm B .
Then f * "f * for all X, Y, Z, W, L, f for which the push-forward is defined.
Proof. By the standard argument of deformation to the normal cone, it follows that f * "f * for all f : Y Ñ X a closed immersion, Z, W, L. As every proper map in Sm B is projective, f admits a factorization f " p˝i, with i : Y Ñ XˆB P N a closed immersion and p : XˆB P N Ñ X the projection. By functoriality of the pushforward maps, it suffices to check that p * "p * .
In case (i), this follows from [29, Theorems 3.35, 3 .36] and [28, Theorem 2.5] . Indeed, the cohomology theory associated to a GL-oriented motivic spectrum E satisfies the axioms of Panin-Smirnov, so we may apply the results cited.
In case(ii), we use Lemma 7.2 below. Indeed, if N is odd, we may apply the closed immersion XˆB P N Ñ XˆB P N`1 as a hyperplane, so we reduce to the case N even, in which case both p * andp * are inverse to the map i * , where i : X Ñ XˆB P N is the section associated to the point p1 : 0 : . . . : 0q of P N . In case (iii) we may work in the category SHpBqr1{2s. We decompose E P SHpBqr1{2s as E " E`'E´and similarly decompose the pushforward maps f * andf * . By Lemma 7.5, η acts invertibly on SHpBq´and the projection of η to SHpBq`is zero. By Lemma 7.3 below, the SL-orientation of E induces an SL-orientation on the projection E`that extends to a GL-orientation. By (i), this implies that f * "f * . By (ii), f * "f * , so f * "f * .
Lemma 7.2 ([2, Theorem 1])
. Let E P SHpBq be an SL-oriented motivic spectrum on which η acts invertibly. Let 0 P P N pZq be the point p1 : 0 . . . : 0q. For X P Sm B , L Ñ X a line bundle and Z Ă X a closed subset, the pushforward map
Proof. Using a Mayer-Vietoris sequence, we see that the statement is local on X for the Zariski topology, so we may assume that L " O X . If we prove the statement for the pair pX, Xq and pXzZ, XzZq the local cohomology sequence gives the result for pX, Zq, thus we may assume that Z " X, and we reduce to showing that
is an isomorphism. This is [2, Theorem 4.6] in case B " Spec k, k a field. The proof over a general base-scheme is exactly the same.
Lemma 7.3. Suppose that E P SHpBq is SL oriented and that E´1
,0 pU q " 0 for all affine U in Sm B . Then the induced SL orientation on E`P SHpBq`extends to a GL orientation.
Proof. Let u P ΓpX, OX q be a unit on some X P Sm B . Then the map u : XˆB P 1 Ñ XˆB P 1 ; px, rt 0 : t 1 sq Þ Ñ px, rut 0 : t 1 sq induces the identity on S
2,1^Σ∞
T X`in SHpBq. Indeed, let rus : X{B Ñ X{B^G m be the map induced by u : X Ñ G m . The argument given by Morel [25, 6.3.4] , that Σ ∞ Tˆu " id`ηrus in case B " Spec k, k a field, is perfectly valid over a general base-scheme: this only uses the fact that for X and Y pointed spaces over B, one has
where µ : G mˆGm Ñ G m is the multiplication. As η goes to zero in SHpBq`, it follows that Σ ∞ Tˆu " id in SHpBq`. Now take g P ΓpX, GL n pO X qq, let u " det g, let m u P ΓpX, GL n pO Xbe the diagonal matrix with entries u, 1, . . . , 1 and let h " m´1 u¨g P ΓpX, SL n pO X qq. We have
Since E`is SL-oriented, the map Thphq : Th X pO n X q Ñ Th X pO n X q induces the identity on E * * and thus Thpgq * " Thpm u q * : E * , * pTh X pO n XÑ E * , * pTh X pO n XBut as Thpm u q " pˆuq^id, our previous computation shows that Thpm u q * " id. Now let V Ñ X be a rank r vector bundle on some X P Sm B , chose a trivializing affine open cover U " tU i u of X and let φ i : V |Ui Ñ U iˆA r be a local framing. We have the suspension isomorphism
Since GL r pO Ui q acts trivially on E * * pThpU iˆA r qq, the isomorphism θ i is independent of the choice of framing φ i . In addition, the assumption E´1
,0 pU i X U j q " 0 implies
for all i, j. By Mayer-Vietoris, the sections
pV |Ui q uniquely extend to an element θ V P E 2r,r 0V pV q The independence of the θ i on the choice of framing and the uniqueness of the extension readily implies the functoriality of θ V and similarly implies the product formula
By construction, θ V is the suspension of the unit over U i , another application of independence of the choice of framing and the uniqueness of the extension shows that this is the case over every open subset U Ă X for which V |U is the trivial bundle. Finally, the independence and uniqueness shows that V Þ Ñ θ V is an extension of the SL orientation on E`induced by that of E. Lemma 7.4. For u P ΓpX, OX q we have
Via this, η is the map rss^rts Þ Ñ rsts´rss´rts so ηrus sends rts to ruts´rus´rts and id Gm^η rus sends rss^rts to rss^ruts´rssr us´rss^rts, so rusη is given by rss^rts Þ Ñ rsts´rss´rts Þ Ñ rus^rsts´rus^rss´rus^rts.
We have the automorphism G^3 m rus^rss^rts Þ Ñ rss^rts^rus. As this is given by a linear map with determinant one, this is A 1 -homotopic to the identity, so id Gm^η rus is the map rss^rts Þ Ñ rss^rts^rus Þ Ñ rus^rss^rts Þ Ñ rus^rsts´rus^rss´rus^rts " rusηprss^rtsq. Lemma 7.5. The projection η´of η to SHpBq´is an isomorphism and the projection η`of η to SHpBq`is zero.
Proof. Morel proves this in [25, §6] in the case of a field, but the proof works in general. In some detail, the map τ is the map on A 2 {pA 2 zt0uq induced by the linear map px, yq Þ Ñ py, xq. The matrix identitŷ
hows that the maps px, yq Ñ py, xq and px, yq Þ Ñ p´x, yq are A 1 -homotopic. By the arguments in Lemma 7.3, this latter map induces the map 1`ηr´1s " 1`r´1sη in SHpBq, giving the identity p1`ηr´1sq´" p1`r´1sηq´"´id ñ η¨p´r´1s{2q " p´r´1s{2q¨η " id SHpBqF or η`, the projector to SHpBq`is given by the idempotent p1{2qpτ`1q " p1{2qp2ὴ r´1sq, so η`" p1{2qη¨p2`ηr´1sq. Since the map τ : P 1^P1 Ñ P 1^P1 is 1`ηr´1s and P 1 " S 1^G m , the symmetry ǫ : G m^Gm Ñ G m^Gm is´p1`ηr´1sq. From our formula for ηprss^rtsq we see that ηǫ " η which gives η¨p2`ηr´1sq " 0.
Applications
In this section, we apply the motivic Gauß-Bonnet formula and the comparison results to make computations of the motivic Euler characteristic χpX{Bq in different contexts. See for example [7] . In particular, for p : V Ñ X a rank r vector bundle over X P Sm{k, we have the isomorphism HZ Let X be a smooth projective k-scheme of dimension n over k. For a class x P HZ 2n,n pXq, the isomorphism HZ 2n,n pXq -CH n pX, 0q " CH n pXq allows one to represent x as the class of a 0-cyclex " ř i n i p i , with the p i closed points of X. One has the degree deg k pp i q :" rkpp i q : ks and extending by linearity gives the degree deg k pxq, which one shows passes to rational equivalence to define a degree map deg k : HZ 2n,n pXq Ñ CH 0 pSpec kq " Z.
As a GL-oriented theory, HZ has Chern classes for vector bundles: c r pV q P HZ 2r,r pXq for V Ñ X a vector bundle over some X P Sm k , r " 0, 1, . . .. Z pXq -G 2b´a pZq, this gives pushforward mapsf * for KGL * , * , defining a GL-oriented cohomology theory on Sm B . For the zero-section of a vector bundle, s : X Ñ V ,ŝ * agrees with the pushforward s * using the Thom isomorphism/localization theorem, hence by our comparison theorem (really the theorem of Panin-Smirnov) we havef * " f * for all projective f . Theorem 8.3. Let π X : X Ñ B be a smooth projective morphism with B a regular separated scheme of finite Krull dimension. Then
W is the canonical map q : GW Ñ W realizing W as the quotient of GW by the subgroup generated by the hyperbolic form. Applying our motivic Gauß-Bonnet theorem gives the identity
In addition, the map prnk,: GW Ñ ZˆW is injective. We can recover the rank by applying H 0 to the unit map 1 k Ñ HZ and using Theorem 8.2, which completes the proof. is given by the usual exterior product^´:
Moreover, there are isomorphisms for i ă 0 KO where one gives η bi-degree p´1,´1q and an element αη n with α P W m has bi-degree pm´n,´nq; the same proof works over arbitrary B (with assumptions as at the beginning of this subsection). 
